We propose a qubit-environment entanglement measure which is tailored for evolutions that lead to pure dephasing of the qubit which are abundant in solid state scenarios. The measure can be calculated directly form the density matrix, but in fact does not require the knowlegde of the full density matrix, and it is enough to know the initial qubit state and the states of the environment conditional on qubit pointer states. In contrast to all other measures of mixed state entanglement, the measure a straightforward physical interpretation directly linking the amount of information about the qubit state which is contained in the environment to the amount of qubitenvironmnent entanglement. This allows for a direct extension of the pure state interpretation of entanglement generated during pure dephasing to mixed states, even though pure-state conclusions about qubit decoherence are not transferable.
Entanglement for mixed states is hard to understand on an intuitive level. This is because already the notion of pure state entanglement [1, 2] is very abstract, but still it translates into the existence of information about the joint system state, which is not contained in states describing each of the subsystems separately. Defining mixed separable states as states which cannot be created by local operations and classical communication (LOCC) [3] , or more simply, by separable operations from product initial states [4] , and entangled states as states which are not separable, takes the question of what does it mean if a state is entangled, to a whole new level. Nevertheless, mixed entangled states can be useful, and there always exist some tasks, which will be achieved better with the help of a mixed entangled state than by LOCC alone [3, [5] [6] [7] .
In system-environment evolutions which lead to pure dephasing of the system, pure state entanglement has a particularly meaningful interpretation. Entanglement, which in this case is directly linked to system decoherence, describes the amount information about the state of the system which can be extracted from the environment [8, 9] . It has been recently shown for mixed states, that without such information transfer, pure dephasing is not accompanied by entanglement generation [10, 11] .
We propose a qubit-environment entanglement (QEE) measure which is applicable only for pure dephasing evolutions with a pure initial qubit state and a possibly mixed state of the environment, which can be calculated directly from the joint system-environment state, but actually only requires the knowledge of the initial state of the qubit and the evolution of the environment conditional on the qubit pointer states. We show that it fulfills the requirements to be an entanglement measure [3] within the bounds of its applicability, as it allows to unambiguously determine separability, reduces to a known entanglement measure for pure states, and behaves appropriately under the set of allowed separable operations. The measure has a straightforward physical interpretation in contrast to all other measures of mixed state entanglement, directly linking the amount of information about the qubit state which is contained in the environment to the amount of QEE. This means that the pure state interpretation of entanglement for the class of interactions studied [8, 9] can be directly extended to mixed states, even though the link between entanglement and decoherence cannot [10] [11] [12] .
Furthermore, the measure has an upper limit which corresponds uniquely to maximally entangled states. Counter intuitively [13] , this limit can be reached for mixed states, and the states are a direct analogue of Bell states (they have the same amount of entanglement as Bell states), to the extent that they can be used for faithful teleportation [14] . This very special, and potentially very useful (since the loss of purity is the main obstacle for physical realization of quantum computation), class of states can be naturally obtained during pure dephasing evolutions.
We study systems composed of a qubit and its environment of dimension N initially in a product state with the qubit in a pure state, |ψ = a|0 + b|1 , and no limitations on the initial state of the environment,R(0), so the state of the whole system can be written asσ(0) = |ψ ψ| ⊗R(0). The interaction between the two subsystems is limited to a class of Hamiltonians which lead to pure dephasing of the qubit, which can always be written asĤ
whereV i , i = 0, 1, are arbitrary Hermitian operators acting on the environmental subspace. This Hamiltonian can include a free qubit term as long as it commutes with the qubitenvironment (QE) interaction term,Ĥ Q = ε 0 |0 0| + ε 1 |1 1|, so that qubit states |0 and |1 are pointer states [8, 15] . It can also include a free environment term,Ĥ E , on which there are no limitations. Hence the operatorsV i are given bŷ
where I E is the unity operator in the environmental subspace and the operatorsV i describe the effect of the bare QE interaction on the environment. The bare interaction Hamiltonian must be of the same form as the total Hamiltonian (1) withV i instead ofV i .
For this class of Hamiltonians, the QE evolution operator can be written in a particularly simple form,Û(t) = |0 0| ⊗ w 0 + |1 1| ⊗ŵ 1 , withŵ i (t) = exp(− i V i t). This allows to formally find the QE density matrix at any time, and for the initial state specified above it is given bŷ
Here the density matrix is written in matrix form only in terms of qubit pointer states.
It has been shown previously [10, 11] that for this class of interactions and initial states, the if and only if criterion of QE separability at time t is (it is also the criterion for zero-discord [16, 17] 
meaning that the state (3) is separable if and only if the state of the environment conditional on one of the two pointer states of the qubit is the same as the state of the environment conditional on the other pointer state at time t, otherwise the qubit is entangled with its environment. Separability by no means excludes qubit decoherence which is proportional to TrR 01 (t) (the only exception is the situation when the state of the environment is also initially pure; then decoherence without entanglement is impossible [8, 9] ) and there are ample examples for realistic qubits undergoing decoherence both accompanied by QEE [18, 19] and not accompanied by QEE [12, [20] [21] [22] [23] [24] [25] . There are even more examples of systems which undergo this type of decoherence, which have never been classified in terms of their entangling or separable nature [26] [27] [28] [29] [30] [31] [32] [33] [34] .
In the following, we wish to show that the criterion (4) can be used not only to determine if entanglement is present in the system at time t, but can be the basis for an entanglement measure, since the amount of entanglement in the system is proportional to how different the environmental density matrices conditional on the qubit pointer states,R ii (t), i = 0, 1, actually are, as was suggested by the results of Ref. [19] . To this end we propose the quantity
as a measure of entanglement for the class of systems described previously, or, more generally, for any state that can be written in the form (3), as such states can be sometimes obtained for different classes of Hamiltonians under specific conditions for the initial state [35] . Here a and b are the coefficients of the initial qubit superposition, while the function
denotes the Fidelity, which varies between zero (for ρ 1 ρ 2 = 0) and one (for ρ 1 = ρ 2 ), and quantifies similarity between two density matrices. The measure (5) yields zero for separable QE states and one when the conditional states of the environment,R 00 (t) andR 11 (t) have orthogonal supports while the qubit is initially in an equal superposition state, |a| = |b| = 1/ √ 2. We will later show that although such states can be mixed, they are in fact maximally entangled. Firstly, let us show that the measure (5) reduces to twice the linear entropy of the reduced density matrix of either subsystem (normalized linear entropy) for pure states, which is a pure state entanglement measure [36] . To this end we assume that the initial state of the environment is pure,R(0) = |R R|, since the purity of the initial qubit state is already assumed in the model. The linear entropy of qubit state at time t, ρ(t) = Tr Eσ (t), is then given by
Pure state Fidelity is given by F (|ψ 1 , |ψ 2 ) = | ψ 1 |ψ 2 | 2 , so, since the conditional evolution of the pure initial state of the environment yields |R i (t) =ŵ i (t)|R (corresponding to the density matricesR ii (t) = |R i (t) R i (t)|), the Fidelity between the two environmental states is given by F R 00 (t),R 11 
, reducing the QEE measure (5) to twice the linear entropy (the normalization factor 2 is added in the definition so that maximally entangled states have E[σ(t)] = 1),
Hence for pure states, the QEE measure (5) reduces to a known measure of bipartite entanglement. The QEE measure (5) is equal to zero only in three situations, when either of the initial qubit occupations is equal to zero, |a| 2 = 0 or |b| 2 = 0, or when the fidelity between the two conditional states of the environment is equal to one at time t, F R 00 (t),R 11 (t) = 1, so the two states are the same, R 00 (t) =R 11 (t). During the type of evolution under study, a qubit initially in one of its pointer states will never become entangled, since the QE density matrix retains product form. For all other initial qubit states, the separability criterion (4) is an if and only if condition of separability, so unit Fidelity unambiguously signifies lack of QEE in the system. Therefore we have E[σ(t)] = 0 if and only if there is no QEE in the state σ(t) and the measure (5) unambiguously signifies separability.
The situation when the QEE measure is equal to one is much less straightforward. It requires the qubit to be initially in an equal superposition state (|a| = |b| = 1/ √ 2) and zero Fidelity between the two conditional environmental density matrices. The zero-Fidelity requirement means thatR 00 (t) andR 11 (t) have orthogonal supports (R 00 (t)R 11 (t) = 0) or, restating the requirement equivalently, that the eigenstates of R 00 (t) with non-zero eigenvalues occupy a different subspace than the eigenstates ofR 11 (t) with non-zero eigenvalues. Such orthogonality of environmental states, which can naturally occur during QE evolution of pure dephasing type, is important for the emergence of objectivity [37] [38] [39] [40] [41] and has been studied in detail in this context [42] , where it has been called "strict orthogonality".
For the measure (5) to have a well defined, physically meaningful upper limit, such states, which can obviously be mixed, would need to be maximally entangled, hence proving the existence of bipartite mixed maximally entangled states contrary to the claims of Ref. [13] . In the following we will do exactly that.
To this end, let us first study some properties of the QE density matrix (3) when the strict orthogonality condition is fulfilled, for the moment omitting the equal superposition requirement for the initial state of the qubit. It is convenient to express all of theR ij (t) matrices with the help of the environmental density matrix conditional on the qubit being in state |0 ,R 00 (t),R
whereŵ(t) =ŵ 1 (t)ŵ † 0 (t). Furthermore, we can express the matrixR 00 (t) in its eigenbasis,
The eigenbasis of the density matrix can be time-dependent, while the eigenvalues c n are not. They are the same eigenvalues present in the initial state of the environment,R(0) = R 00 (0) = n c n |n(0) n(0)|, since the matrices are obtained from one another via a unitary evolution. Since the same logic applies to the other conditional state of the environmentR 11 (t), it is obvious that for the strict orthogonality condition to be fulfilled, the number of eigenstates with non-zero eigenvalues of the initial state of the environment cannot exceed half of the whole dimension of the environment. This in turn limits the initial purity of the environment to at least twice the minimum purity allowed for a given environment size (the strict orthogonality condition cannot be fulfilled for states with lower initial purity) [42] . Using eqs. (8) and the basis states (9), the density matrix (3) can be written (without loss of generality, since no assumptions have been made up to this point) in the concise form
where |ψ n (t) = a|0 ⊗ |n(t) + b|1 ⊗ŵ(t)|n(t) .
The states |n(t) are all elements of the eigenbasis ofR 00 (t) and hence are mutually orthogonal, the same goes for the stateŝ w(t)|n(t) , which are all elements of the eigenbasis ofR 11 (t).
The strict orthogonality condition now implies that each state |n(t) must be orthogonal to each stateŵ(t)|m(t) (otherwise the density matricesR ii (t) would not have orthogonal supports). Hence, ifR 00 (t)R 11 (t) = 0 and the qubit is initially in an equal superposition state, each state |ψ n (t) that enters the decomposition (10) is a maximally entangled bipartite state of Bell type.
This by itself does not answer the question if a state of the form (3) with a = b, which fulfills the strict orthogonality condition, has maximum QEE, since statistical mixtures of maximally entangled states can have only some or even zero entanglement [43] . The important fact here is that each state (11) occupies a different subspace of the QE Hilbert space, so the matrix (10) is block diagonal in these subspaces.
To prove that the state does have maximum QEE, we will use a measure analogous to Entanlgement of Formation (EOF) [44, 45] , but based on (normalized) linear entropy instead of von Neumann entropy to be consistent (the results would be the same if obtained with the help of EOF). To this end we define this entanglement measure
where the pure state measure is given by eq. (7) and the minimization is performed over all possible pure state decompositions of the QE density matrix,σ = i p i |φ i φ i |.
Obviously, for the decomposition (10) with the strict orthogonality condition fulfilled and |a| 2 = |b| 2 = 1/2, we have n c n E(|ψ n (t) ψ n (t)|) = n c n = 1.
In general, the minimization requires numerical analysis of a given density matrix and becomes more involved with growing Hilbert space [46] , but since the class of density matrices under study is sparse and block-diagonal in 2 × 2 subspaces, it is reasonably straightforward to do it analytically. Since the states |ψ n (t) constitute all elements of the eigenbasis of σ(t) with non-zero eigenvalues, every possible state to enter any pure-state decomposition has to be a normalized linear combination of the states |ψ n (t) [47] . Hence, every state |φ i can be written as
where we explicitly inserted the constraints for an equal superposition initial state of the qubit, a = 1/ √ 2 and b = e iθ / √ 2. Because of the strict orthogonality condition, the environmental state n α i n |n(t) has to be orthogonal to its counterpart n α i nŵ (t)|n(t) , so all possible states |φ i are maximally entangled and E(|φ i φ i |) = 1.
Hence, because all possible decompositions of state (10) with maximally entangled |ψ n (t) states involve only maximally entangled bipartite states, the entanglement measure (12) for the whole state is equal to one, E F (σ) = 1, even after the minimization, which signifies maximum entanglement. It is important to stress here that this is not maximum entanglement given a set purity of the bipartite state, this is maximum entanglement analogous to the entanglement found in a Bell state. For the state to be mixed, the environment has to have dimension N ≥ 4. The maximally entangled states indicated by the QEE measure are a subclass of mixed maximally entangled states described in Ref. [14] (not to be confused with maximally entangled mixed states [48] [49] [50] , which are states of maximum entanglement possible for a given purity, usually sought for when both entangled subsystems are of comparable dimensionality), where they have been shown to be maximally entangled regardless of the entanglement measure used and suitable for faithful teleportation. In all other situations, already the decomposition (10) yields E F (σ) < 1 and the state is not maximally entangled. Hence, the proposed QEE measure can serve to uniquely detect maximally entangled states, similarly as separable states.
This fact has two consequences. Firstly, it shows that that the QEE measure (5) is equal to one if and only ifσ(t) is a maximally entangled state. This means that there exists a well defined upper limit to the measure, which has a very direct physical meaning. Secondly, it proves via an example, that mixed maximally entangled bipartite states not only exist, contrary to the results of Ref. [13] , but can be reached during a pure dephasing evolution with an initially mixed environment, which is of more general significance.
We have by now shown that the proposed QEE measure for pure dephasing evolutions (5) is equal to zero if and only if the QE state is separable, is equal to one if and only if the state is maximally entangled, and that it reduces to a good entanglement measure for pure states. We will now investigate its other properties.
Firstly, we show invariance under local unitary operations. To this end we will separately demonstrate this invariance in the qubit subspace and in the subspace of the environment. A unitary operation on the qubit, U Q ≡ U Q ⊗ I E , is equivalent to rotation of the qubit pointer basis, |0 → |0 ′ , |1 → |1 ′ . This does not change the form of the QE density matrix (3) regardless if it is done on the initial state of the qubit or on the full density matrix at time t, as long as the qubit basis states are modified accordingly. Hence, the measure (5) remains a QEE measure under the operation and, furthermore, its value remains unchanged,
Since it is a basic property of the Fidelity that it does not change under symmetrically applied unitary operations, F Uρ 1 U † , Uρ 2 U † = F (ρ 1 ,ρ 2 ), the entanglement measure (5) yields the same value for the density matrix (15) as it would for (3) . Hence, unitary transformations on the environment also do not affect the amount of entanglement it signifies. Further study of the properties of the QEE measure (5) under local operations requires a limitation on the possible operations, since the function (5) does not exist for density matrices which have a different structure than given in eq. (3). For this structure to be maintained, only unitary operations are allowed on the qubit subspace. There are no such limitations on the subspace of the environment. We find that if a nonselective quantum operation is performed on the environment described by a trace-preserving completely positive map Φ, the value of the QEE measure cannot increase,
This is because the effect of the operation only affects environmental operatorsR ij (t) in eq. (3), so only the Fidelity in the formula for the QEE measure (5) changes under the operation. The Fidelity cannot decrease under such operations [51] , so F (Φ(R 00 (t)), Φ(R 11 (t))) ≥ F (R 00 (t), R 11 (t))) and consequently the inequality (16) holds.
To conclude, we have proposed a function as an entanglement measure between a qubit and an arbitrarily large environment specially tailored to quantify entanglement generated during interactions that lead to dephasing of the qubit (for pure initial qubit states). The function ranges between zero and one, and we have shown that it is zero if and only if the qubit and environment are in a separable state. Furthermore, it reduces to a good entanglement measure for pure states, namely the normalized linear entropy and has good properties under unitary local operations and the allowed non-unitary local operations (otherwise the measure is incalculable, but does not yield false results). It therefore fulfills more than the basic criteria for an entanglement measure.
The measure has a number of advantages compared to other measures, which can be used to quantify entanglement when one of the studied systems can be arbitrarily large. It can be calculated directly from the QE density matrix and requires the diagonalization of matrices of half the dimesion of those which need to be diagonalized to find the value of Negativity [52] [53] [54] . This may not seem as much, but can be enough to facilitate the transition from an incalculable to a calculable quantity for large environments. The calculation of the measure does not in fact require the knowledge of the whole QE state; it requires the initial state of the qubit and the states of the environment conditional on the pointer states of the qubit.
The measure has a direct physical interpretation, which sets it apart from all other measures of mixed state entanglement. Namely, it relates, how much the two conditional states of the environment differ from one another, so consequently, how much information about the state of the qubit has been transferred into the state of the environment throughout the evolution. This information is transferred only when the evolution is entangling, the same as in case of pure states [8, 9] , but contrary to pure states, the lack of information transfer does not have to translate to lack of qubit decoherence.
Lastly, we have shown that the QEE measure is equal to one if and only if the QE state is maximally entangled and that such states reached during a pure dephasing evolution can be both pure and mixed. In so doing, we have not only shown the existence of maximally entangled mixed bipartite states, but found scenarios, where such mixed states are likely to occur. This yields another advantage of the proposed measure, as it has a well defined upper limit which is physically meaningful.
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